Abstract: Homotopy perturbation method is used for solving the multi-point boundary value problems. The approximate solution is found in the form of a rapidly convergent series. Several numerical examples have been considered to illustrate the efficiency and implementation of the method and the results are compared with the other methods in the literature.
INTRODUCTION
Multipoint boundary value problems arise in applied mathematics and physics. For example, the vibrations of a guy wire of uniform cross-section and composed of N parts of different densities can be given as a multi-point boundary value problem (Moshiinsky, 1950) . Hajji (2009) , considered the multipoint boundary value problems which occurs in many areas of engineering applications such as in modelling the flow of fluid such as water, oil and gas through ground layers, where each layer constitutes a sub domain. In Timoshenko (1961) , many problems in the theory of elastic stability are handled by multi-point problems. In Geng and Cui (2010) large size bridges are sometimes contrived with multi-point supports which correspond to a multi-point boundary value condition. Many authors studied the existence and multiplicity of solutions of multi-point boundary value problems (Eloe and Henderson, 2007; Feng and Webb, 1997; Graef and Webb, 2009; Henderson and Kunkel, 2008; Liu, 2003) . Some research works are available on numerical analysis of the multi-point boundary value problems. Numerical solutions of multi-point boundary value problems have been studies by Geng (2009) , Lin and Lin (2010) , Tatari and Dehghan (2006) and Wu and Li (2011) . Siddiqi and Akram (2006a, b) presented the solutions of fifth and sixth order boundary value problems using non-polynomial spline technique. In (Siddiqi et al., 2012a, b) and (Siddiqi and Iftikhar, 2013a) solutions of seventh order boundary value problems are discussed. Recently, Akram and Rehman (2013a) used the reproducing Kernel space method to solve the eighth-order boundary value problems and in Akram and Rehman (2013b) find the solution of a class of sixth order boundary value problems using the reproducing kernel space method. Siddiqi and Iftikhar (2013b) presented the solution of higher order boundary value problems using the homotopy analysis method. He (1999 He ( , 2003 He ( , 2004 He ( , 2005 developed the homotopy perturbation method for solving nonlinear initial and boundary value problems by combining the standard homotopy in topology and the perturbation technique. By this method, a rapid convergent series solution can be obtained in most of the cases. Usually, a few terms of the series solution can be used for numerical calculations. Chun and Sakthivel (2010) , implement the homotopy perturbation method for solving the linear and nonlinear two-point boundary value problems. The convergence of the homotopy perturbation method was discussed in Biazar and Ghazvini (2009), He (1999) , Hussein (2011) and Turkyilmazoglu (2011) . This method has been successfully applied to ordinary differential equations, partial differential equations and other fields (Belndez et al., 2007; Dehghan and Shakeri, 2008; He, 1999 He, , 2003 He, , 2004 He, , 2005 Rana et al., 2007; Yusufoglu, 2007) .
In this study, the application of the homotopy perturbation method for finding an approximate solution for multi-point boundary value problems has been investigated.
ANALYSIS OF THE HOMOTOPY PERTURBATION METHOD (HE, 1999)
Consider the nonlinear differential equation:
(1) With boundary conditions: (He, 1999) , define a homotopy ( , ) :
or:
where, r   ,
is an embedding parameter and 0 u is an initial approximation of Eq. (1) which satisfies the boundary conditions. Clearly:
As p changes from 0 to 1, then v(r,p) changes from 0 ( ) u r to ( ) u r This is called a deformation and
are said to be homotopic in topology. According to the homotopy perturbation method, firstly, the embedding parameter p can be used as a small parameter and assume that the solution of Eq. (3) and (4) can be expressed as a power series in p, that is:
For p = 1, the approximate solution of Eq. (1) therefore, can be expressed as:
The series in Eq. (8) is convergent in most cases and the convergence rate of the series depends on the nonlinear operator, see (Biazar and Ghazvini, 2009; He, 1999) . Moreover, the following judgments are made by He (1999 He ( , 2006 :  The second order derivative of N(v) w.r.t. v must be small as the parameter may be reasonably large, i.e., 
The exact solution of the Example 1 is:
where, the constants are k = 5 and a = 1 (Akram et al., 2013c; Ali et al., 2010; Saadatmandi and Dehghan, 2012; Tirmizi et al., 2005) . Using the homotopy perturbation method, the following homotopy for the system (1) is constructed:
where,
is the embedding parameter. Assume that the solution of Problem (1) is:
Substituting Eq. (3) in Eq. (2) and equating the coefficients of like powers of p, gives the following set of differential equations: 
( )
Us followi ) 1 cosh( ) (4) 0 ( ) 1 The exact solution of the problem (3) is x e x u  ) ( Using the homotopy perturbation method, the following homotopy for the system (17) is constructed:
is the embedding parameter. Assume that the solution of the given problem is:
The nonlinear term ( ) N u in Eq. (18) can be expressed as:
is called He's polynomial (Ghorbani, 2009) Substituting Eq. (19) and (20) in Eq. (18) and equating the coefficients of like powers of p, gives the following set of differential equations:
where, A and B are unknown constants to be determined. Following Example (1), using the 3-term approximation and imposing the boundary conditions at 2.50527 10 1.524 10 ( ).
In Table 3 , the comparison of the exact solution with the series solution of the problem (3) is given, which shows that the method is quite efficient. In Fig. 3 absolute errors Exact U u  are plotted in Fig. 3 .
Example 4:
The following fifth order nonlinear three point's boundary value problem is considered:
. 2
The exact solution of the problem (4) is
. Using the homotopy perturbation method, the following homotopy for the system (21) is constructed:
The nonlinear term ( ) N u in Eq. (18) can be expressed as: 
is called He's polynomial (Ghorbani, 2009) . Substituting Eq. (23) and (24) in Eq. (22) and equating the coefficients of like powers of p , gives the following set of differential equations: 2.50521 10 2.087675 10 ( ).
In Table 4 , the comparison of the exact solution with the series solution of the problem (4) is given, which shows that the method is quite efficient. In Fig. 4 absolute errors Exact U u  are plotted.
Example 5:
The following sixth order nonlinear boundary value problem is considered:
The exact solution of the problem (5) 
The comparison of the exact solution with the series solution of the problem (5) is given in Table 5 , which shows that the method is quite accurate.
Example 6:
The following seventh order nonlinear boundary value problem is considered:
The exact solution of the problem (6) is The comparison of the exact solution with the series solution of the problem (6) is given in Table 6 , which shows that the method is quite accurate. 
